Beam broadening is discussed in the context of the standard formalism for multiple small-angle scattering, in which coherent single-particle scattering is incoherently, or stochastically, compounded by a random system of spherical particles in a uniform matrix. Bethe's analysis of scattering when sample thickness greatly exceeds the scattering mean free path is combined with the dynamical analysis of singleparticle scattering to obtain a new scaling relation between the multiple-scattering intensity at arbitrary phase shift and the multiple-scattering intensity in the diffraction or small-phase-shift regime. A formula is derived for the curvature of the scattering at Q = 0 which expresses this scaling and which can be used in particle size determinations. It is shown that strong multiple scattering, as in very thick samples, tends to render beam broadening insensitive to the cross over from diffractive to refractive single-particle scattering.
Introduction
Small-angle scattering dominated by incoherent multiple scattering (beam broadening) contains useful particle size information if the material under study can be modelled simply and if experiments are done over a wide enough range of sample thickness and incident-beam wavelength to improve the statistics of data refinement . [For further applications see , Hardman-Rhyne, Frase & Berk (1986) .] Estimates of particle or void size from beam broadening have a long history, starting with yon Nardroff (1926) for small-angle X-ray scattering and Weiss (1951) for small-angle neutron scattering. Since von Nardroff, it has been common to interpret such data as multiple refraction (e.g. Pizzi, 1978) because the width of beam broadening increases with the wavelength of the incident radiation; and as von Nardroff pointed out, this can be understood in terms of wavelength-dependent single-particle refraction broadened by wavelength-independent multiple scattering. Recently, however, have emphasized that the wavelength dependence of beam broadening is a signature of incoherent multiple scattering in general, regardless of whether the underlying single-particle scattering is properly described as refraction, synonymous with geometrical optics, or diffraction, which signifies Rayleigh-Gans scattering, corresponding to the first Born approximation of dynamical scattering theory. In the latter case, the width of single-particle scattering is independent of wavelength, but the mean free path for multiple scattering is wavelength dependent. More generally, following Weiss's lead, we argued that the analysis of beam broadening should account for the explicit dependence of single-particle scattering on wavelength and particle size by incorporating a dynamical theory of the cross section into a standard multiple scattering formalism. In fact, we showed ) that at typical neutron wavelengths even beam broadening by particles or voids up to a few micrometres in radius may be described as multiple diffraction and that multiple refraction, as such, may be relatively uncommon in SAS experiments on ceramic and other materials. The reason for this is that the Born approximation for the single-particle scattering remains a good approximation for phase shifts near unity, which can be realized with large particles. In this paper we show that beam broadening tends more generally to be insensitive to the cross over between diffractive and refractive behavior, even when the phase shift is well beyond the regime in which the single-particle scattering can be approximated by the diffraction limit.
In § 2 and the Appendix we review elements of the standard multiple-scattering formalism, including some historical aspects. The limit of very large scattering power (sample thickness divided by scattering mean free path) is discussed in § 3, and the relevant phase-shift dependence of single-particle scattering is developed in § 4. The phase-shift dependence of the width of beam broadening is derived in § 5.
Theoretical background
The basic model assumption is that the SAS intensity is the result of stochastic multiple scattering from a set of randomly distributed monodisperse spheres of uniform contrast in a uniform background. Then the neutron cross section per unit area from a sample of thickness z and area A, as a function of wave vector Q in the plane of a two-dimensional position-sensitive detector is 
(2.1a)
The scattering power, ~, in the exponentials of (2. la) is
where l is the scattering mean free path, q~ is the scattering volume fraction, v is the volume of a particle, and tr is the single-particle cross section integrated over solid angle,
The Q dependence of the single-particle scattering influences the multiple scattering through the realspace function q(() =(2Tc/kZa) ~ Jo(QR()a(Q)QdQ,
where (-r/R and q(0)= 1. Equivalent representations of (2.1a) have been known for some time and have been rediscovered in various discussions of multiple-scattering theory and application (references below). To help make this clearer, we show alternative expressions for q(() in the Appendix. The upper limit of the integration in (2.1a) is due to the finite size of the scattering particle, and q(() = 0 for ( > 2, even when a(Q) is not restricted to the first Born approximation for single-particle scattering . Thus the integrand in (2.1a) vanishes identically for (>_ 2. The first term of (2.1a) can be absorbed into the integral, giving where the integration must now extend to infinity. Equation (2.1b) is often more convenient for formal manipulations, although care must be taken not to add the 6-function contribution already accounted for in the infinite integral. If R(Jo(QR() is replaced by 2 cos (QR~) in (2.1b), the result is the formula derived by Snyder & Scott (1949) for the projection of W(Qlz) onto the one-dimensional Q domain, a mathematical operation which is equivalent to the effect of infiniteslit smearing or to the use of a linear detector. The form (2.1b), which is appropriate for pinhole collimation, was derived by Bethe (1953) (QIz) . In this approach, the kinematical contribution to d W(QIz)/dz in a homogeneous continuum is balanced by the scattering contribution. More recently, (2. l b) has also been obtained by Perret & Ruland (1971) and by Schelten & Schmatz (1980) , in each case expressing W(Qlz) as an infinite series of convolution products of the single-particle cross section. In the latter conception, each appropriately weighted convolution product represents the relative probability of a definite number of elementary scattering events from particles or from thin slices of sample perpendicular to the beam. The transport and convolution-product methods are equivalent, and each may be derived from the other. Indeed, Snyder & Scott used the convolution property implicit in (2.1) in their numerical analysis, even though it was not expressly connected with their derivation. The papers by Bethe (1953) and Perret & Ruland (1971) contain additional references bearing on the origins of the formalism.
The first term in (2.1a) is the intensity of the undetected incident ray, which will be broadened by instrumental resolution. The scattering transmission, T~ = exp (-~)_< I, is often estimated in thin-sample experiments by comparing integrated intensities at the center of the detector, as measured with and without the sample in place, and making a correction for absorption. Typically, either Ts is near unity, in which case multiple scattering is considered neglible and the second term of(2.1) may be taken to first order in ~, or else it is a measurable non-zero fraction, indicating that the data must be 'corrected' for multiple scattering, as discussed by Perret & Ruland (1971) , Ruland & Tompa (1972) , Schelten & Schmatz (1980) and by Copley (1988) . Occasionally, however, especially in materials-science applications of SAS, ~ is so large that Ts cannot be determined directly, and the intensity on the detector comes entirely from the second term of (2.1a), corresponding to the situation commonly referred to as beam broadening [this terminology apparently stems from von Nardroff (1926) ]. It is this class of experiments that has been the focus of our previous work and which we now discuss further.
[-We note that Perret & Ruland (1971) and Schelten & Schmatz (1980) also give examples of the beam broadening regime.] 3. The role of large g, Bethe (1953) emphasizes that, for ~ >> 1, multiple scattering should be insensitive to details of the singleparticle cross section and that a simpler version of (2.1a) should apply in that regime. The gist of the argument in our context is that for £>> 1, only the neighborhood of the ~ origin, where q(()~ 1, contributes significantly to the integral in (2.1a). This corresponds to the large-Q behavior of a(Q), which is governed by the Porod (1951) 
and s is the surface area of the particle. Since the elaboration of this notion is not obvious, it is useful to
and assume that
The assertion in (3.4) ignores the oscillations in a(Q) that result from the compact 'particulate' nature of the scatterer, but we will see by example below that these are not important for the large-i analysis. More generally, the large-Q oscillations of a(Q) result from the vanishing of q(() for (_ 2 (r > 2R), as distinct from the Porod-law envelope of these oscillations, which stems from the sharpness of the particle boundary and depends only on the behavior of q(~) near = 0, the important domain of ~ for large ~. Then, combining (2.3), (2.4) and (3.3), we obtain
(3.5) where Q' is chosen small enough so that in the first integral Jo(QR()= 1-(QR()2/4 is a good approximation but at the same time is large enough to make (3.4) applicable in the second integral. For sufficiently large ff these competing requirements can be met within the domain of small ~ that is important in (2.1). Since (3.5) is independent of Q', the leading contribution from the resulting first integral can be defined in terms of a characteristic scattering vector Q, such that
the second integral may be developed asymptotically for Q'R(~O. Combination of these elements (Bethe, 1953) gives
where y = QcR(, b= 2(1 -),) + ln(OJQa) 2, 
The equality in (3.7) must be understood, of course, in the sense of 'most important contribution for ~ >> 1'. Furthermore, while the right-hand side of (3.7) is positive at small y, it has the potential for going negative near the nominal upper limit of integration in (2.1), corresponding to y = 2Q~R. This would lead to a divergence in (2.1) as ~ ~. Thus, again following Bethe, it is within the spirit of the analysis to restrict (3.7) to the domain y < y,,, where y,, maximizes the right-hand side of (3.7), i.e. Ym = 2 exp(--7)Q~/Q,,.
(3.10) This is compatible with y < 2QcR if QaR > exp ( -y), a condition we will find below is always met for the single-particle cross sections of interest here. Then at
L the modified integrand of (2.1) will be O(e -e) at its upper limit and thus negligible. Thus for g >> 1, (2.1) is well approximated by Yra W(QIz)=(k/2rcQ 2R) ~ yJo(Qy/Qc) 0
x exp{-(y/2)2[b-ln(y/2)2]}dy, (3.11) in which the multiple scattering is completely characterized by the 'macroscopic' wave vector Qc, which increases with il/2, and the 'microscopic' wave vector Q,, which absorbs all of the Q dependence of the single-particle scattering that is relevant for strong beam broadening. We discuss the calculation of Qa in the next section.
The role of the phase shift
Multiple scattering is usually linked not only with dense or thick specimens but also with large particle or void sizes. Two ideas are involved in the latter connection. Larger particles scatter more intensely than smaller ones, all other things being equal, indicating that the likelihood of multiple scattering events increases with particle size, a notion summarized in the scattering power ~ [(2.2)]. At the same time, the wave scattered by larger particles is more perturbed because its partial-wave components suffer larger phase shifts. This effectively makes the singleparticle scattering less coherent, which can be ex-pected to decrease interparticle interference over a macroscopic portion of the sample. The maximum partial-wave phase shift v is v = 2pR2,
where p is the scattering length per unit area and 2 is the wavelength of the incident radiation. Small-angle diffraction (e.g. Guinier & Fournet, 1955) , in which the cross section is obtained in first Born approximation or, equivalently, the Rayleigh-Gans model, corresponds to v ,~ 1. The opposite extreme, v >> 1, is identified with geometrical optics or refraction (von Nardroff, 1926) . In general, in the small-angle scattering regime, kR >> 1, the single-particle cross section for a uniform sphere can be written (Van de Hulst, 1946; Fernbach, Serber & Taylor, 1949; Weiss, 1951) as
The integrated cross section (2.3) is obtained most directly from (4.3) using the optical theorem, tr = (4rc/k)Imf (0), where an easy integration gives
(4.6)
The function e(v) is shown in Fig. 1 . For v ~ 0, ct(v) = vZ/2+O(v4), which actually is a good approximation for v < 2 (see Fig. 1 ), while ct ( (4.7)
The n = i term alone in (4.2) gives the familiar formula for small,angle diffraction from a uniform sphere, . a(Q) = rcPR4JZ/2(QR)/(QR)3,
where P is the Porod constant [(3.2)], which, combined with (4.1), can also be expressed as P=½kZv z.
(4.9)
The remaining terms in (4.7) are successively higher order in v, and each falls off faster with Q than the preceding one as Q ~ oo. Thus the Porod law (3.1) is established in order v z, corresponding to the diffraction limit (4.8), with Porod constant (4.9):A/a equiva-lent but more involved proof of the v invariance of the diffraction Porod law was given by using the exact representation of q(() generated from the combination of (4.2) and (4.3) with (2.4). We saw in § 3 that the large-Q behavior of o'(Q) effectively determines multiple scattering when ~ >> 1 and that the germane measure of its detailed Q dependence is the characteristic wave vector Q, defined by (3.6). For o(Q) in the diffraction limit (4.8), the integrand required in (3.6) is rcPRJZ/z(QR), so that -ln(Q,R)= lim I?rcJ~/2(x)dx-ln(Q'R)l. is the Legendre function. Thus, from (4.10)-(4.12), Q,R=e.
(4.13)
The value of Q, can be rescaled arbitrarily by subtracting P In(constant) from the right-hand side of (3.6), since the compensating constant appears in the first term of (3.8) to keep b invariant. What is important is the dependence of Qa on the shape of a(Q): It is useful, also gives QaR --e, even though it is a poor pointwise approximation of (4.8). It totally misses the large-Q oscillations of the actual cross section and grossly overestimates the Guinier radius (Guinier & Fournet, 1955) , giving R2=6R 2 instead of the correct R 2 = 3RZ/5. However, al(Q) gives the correct Porod law and integrated cross section, a = 7zR2v2/2, as well as the correct Qa. In view of § 3, these are the measures of a(Q) that are important in large-i multiple scattering, and (4.14) would seem to be the simplest reasonable form preserving these properties. This suggests to us that an effective way of extending the calculation of Qa to arbitrary phase shift is to employ the pseudo-crosssection (4.16) and a(v) is defined in (4.6) (see Fig. 1 ). Since fl(v) --, 1 as v ~ 0, we have aa(Q) ~ al(Q), (4.14) , in the diffraction limit. Moreover, ae(Q) preserves the correct Porod law (4.9) and integrated cross section (4.5) for all finite v. Then (4.15) in (3.6) gives
QaR = efl(v).
(4.17)
Thus, Q,R ~ e for v ~ 0, while Q,R ~ ev/2 for v ~ 1. Taking (4.1) into account, the latter limit predicts that Q, becomes independent of particle size for large v, which is consistent with refractive behavior (von Nardroff, 1926) , neglecting the effects of total internal reflection. As in the case of (4.14), aa(Q) is not an acceptable pointwise approximation of a(Q) for general usage [see, for example, Fig. 1 of ], but the example of al(Q) implies that the detailed shape of the cross section is not required for determining Qa as long as the Porod law and integrated single-particle scattering are maintained. However, a direct calculation of Q, for arbitrary v using (4.3) remains to be done. The result in (4.17) satisfies the requirement discussed following (3.10). Now, in the notation introduced in (4.16), Qc defined in (3.9) is where on the left-hand side we have replaced z by ~" and introduced the subscript fl to remind us that (4.17) has been used. In (4.21) (4.22) and the Q dependence of Wp(Ql~) satisfies the scaling relation
(4.23) is the Gaussian curvature of W(QI~) at the origin (excluding the transmitted beam). In the diffraction limit Q* can be obtained from (2.1) with q(~) given by (A.11) in the Appendix. Computed values of Q* as a function of ~ are shown in Fig. 2 . For i---, 0, Q*~ (5/2) 1/2, the value for single-particle scattering. There appears to be no simple expression exactly representing Q*, but the empirical formula Q* = 0.926R-~ [~(ln ~)°85] 1/2 (5.4) fits well for ~ > 10 (see Fig. 2 ). Thus, (5.1) indicates
The width of strong beam broadening
as the appropriate extension beyond the diffraction regime for given ~, where 2 is treated here as an arbitrary parameter. Of course, ~ depends on system parameters and can be expressed in the fl notation as e = ~ = el/fl2(v), (5.6) where ea = 3 zcp(p2)ZR (5.7)
is the appropriate form in the diffraction (small-v) limit . Thus, combining (5.4)-(5.7), we find Q~' = 0.926R -l{el[ln ~ -In f12(v)]°'85}° '5, (5.8) which generalizes (5.4). Equation (5.8) can be used for particle size determination from small-Q scattering when 2> 10, using methods described for (5.4) by Hardman-Rhyne & , where the case of multiple diffraction applied. However, for particle (void) sizes and incident wavelengths that are large enough to push v into the cross-over regime between diffractive and refractive behavior (v > 2), Q~ is no longer a function only of ~, as in the diffraction limit, and the contribution of In fl2(v) may not be negligible. This result is worth further comment. First note that, were it not for the appearance of the logarithm in (5.4), we would have Q~ = Q* for all fl(v) in place of (5.8). The curvature (width) of strong beam broadening then would be completely determined by the multiple diffraction regime, corresponding to the extension of the first Born approximation for a(Q), (4.8) , to arbitrary values of phase shift. Actually, (4.8) is a good approximation for v < 2, but it breaks down quickly thereafter ).
However, the Porod law for a(Q) is determined in the first Born approximation ( § 4) and, as Bethe's analysis in § 3 showed, the Porod law fixes the shape dependence of multiple scattering for ~ >> 1 and leads to the characteristic logarithmic behavior in the integrand of (3.11). Were this absent, W(QI2) would be a Gaussian function of Q for ~ ~> 1 with width proportional to (~2Z--)1/2=7,~/2. In fact, W(QI2) is not a I  I  I  I  I  0 200 400 600 y, Fig. 2 . Q* vs ~ for multiple diffraction (fl = 1). Noisiness at large reflects loss of precision in numerical integration as exp(-:~) becomes very small. The smooth line is the empirical formula (5.5), which agrees with computation to within 0"5% over the range shown for 2 _> 10. (Snyder & Scott, 1949; Ruland & Tompa, 1972; . However, W(QI~) has finite radius of curvature at Q = 0, and thus it can be approximated at small Q by a Gaussian (or other function with non-zero curvature) with a width that reflects the Porod constraint, as reflected in the departure from simple 21/2 dependence. As seen in (5.8), it is only by way of this constraint that the shape of beam broadening at small Q depends on the nondiffractive (large-v) behavior of single-particle scattering. The function In fl2(V) appearing in (5.8) is shown in Fig. 1 . If ~ is not too large, but still large enough to justify the asymptotic analysis of § 3, the effect of the cross over between small-v and large-v behavior in (5.8) may be measurable. For sufficiently large ~,, however, the difference between (5.8) and (5.4) becomes unobservable, and analysis of the beam broadening as multiple diffraction will then be appropriate, even if v is large.
Concluding remarks
The main new results of this paper are represented by (4.17), (4.18), (4.23) and (5.8). While the mathematics of § 3 closely follows Bethe's, the development here perhaps helps to make more evident the important roles of the single-particle Porod constant and integrated cross section in determining the shape of multiple scattering in the large-~ regime. In turn, this has led to a formulation of the phase-shift dependence of multiple scattering that extends our earlier work and gives the scaling relationship in (4.23) between beam broadening for arbitrary phase shift and the beam broadening defined by the diffraction regime.
In summary, we conclude that strong multiple scattering tends to suppress the observability of nondiffractive single-particle scattering. Previously we had shown in detail ) that the diffractive limit, associated with v ~ 0, remains a good approximation of single-particle scattering as v increases to values of order unity, which is essentially equivalent in the present context to observing that fl(v) remains close to unity over the diffractive regime. Here we have seen, however, that even as v increases towards the refractive regime, corresponding to fl(v) increasing linearly with v, the shape of the multiple-scattering intensity near Q = 0 remains determined largely by the v dependence of the diffractive limit, as long as 2 is sufficiently large. Strictly speaking this is an asymptotic result for 2 ~ ~, but one can expect qualitatively similar behavior whenever beam broadening is observed, i.e. when the scattering transmission is too small to measure. On the other hand, in circumstances in which v is large but ~ is not, say for scattering from large particles dilutely dispersed in thin samples, departures from the diffractive limit should be important.
APPENDIX
The function q(~) in (2.1) has several representations which have appeared in the multiple-scattering literature cited in this work. Formula (2.4), which is repeated here, oo q(()=(2rc/k2a) ~ Jo(QR()a(Q)QdQ, (A.1) 0 was used by Bethe (1953) and by Shelten & Schmatz (1980) . Recall that ( = r/R. To convert this to the form used by Perret & Ruland (1971) , we start with the three-dimensional Fourier transform ~(r) =(1/~) j'exp(iQ.r)a(Q)d3Q/(2~) 3, (A.2) where ~= j'o-(Q)dZQ/(2~z) 3 and ~(0)= 1. The singleparticle cross section is assumed to be isotropic, a(Q) =a(Q), but the vector representation of the arguments in (A.2) is convenient for formal analysis. When a(Q) is calculated in the first Born approximation (the diffraction limit; see § 4), ~(r) is the selfcorrelation function of a uniform sphere; in a higher order of approximation, however, this independent geometrical interpretation is no longer strictly Valid, and y(r) must be considered to be a derived function. Following Perret & Ruland (1971) , we may analyze the position r into orthogonal components r2 along the beam direction and r13 = rl + r 3 in the normal plane. Then, in Perret & Ruland's notation, which is the form of q(() used by Perret & Ruland (1971) and Ruland & Tompa (1972) . Notice that the explicit definition of ~ was not needed to establish (A.7), since q(() is a dimensionless ratio. Now, we can return to (A.4) and set r13 = rs, so that {)~}2(rl) =(1/~) ~exp(iQl.rx)ap(Q1)dOx/(2rc)2, (A.8) where o0 %(Q1) = j" a(Q13)dQ3 = 2 j" a[(Q 2 + Q2)a/2]dQ3 (A.9) 0 is the projection of a(Q13 ) onto the one-dimensional manifold. Then the combination of (A.6)-(A.9) leads to q(() =(2/k2a) ~ cos(QR()ap(Q)dQ, (A.10) 0 which is the Snyder & Scott (1949) representation. Thus, the formulae in (A.1), (A.7) and (A.10) are equivalent. Formula (A.1) can also be obtained directly from (A.10) by standard integral transformation methods. Finally, it is appropriate here to obtain the explicit formula for q(() in the case of diffraction from a uniform sphere. Probably the easiest derivation is to use the representation in (A.7) with ~(r) = [1 -~(r/D) + 32-(r/D)3]O(2-() (Porod, 1982) , where D = 2R and 0 (.) is the unit step function. The required integrals are standard, and one obtains q(() = 0(2-()((1 + (2/8)(1 -(2/4)1/2-½(2(1 _(2/16)
x In {(2/() [1 + (1 -(2/4)1/2]}), (A.11) as in .
